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In order to increase the understanding of the interaction of gas particles with solid surfaces,
we have performed some large-scale numerical computations of the classical trajectories of gas
particles near a crystalline solid. Interpretations of the results of these trajectories and the
corresponding responses of the lattice are given in terms of some of the dynamic similarity

parameters that should control the interaction.

The emphasis in this analysis is on eondi-

tions related to hypervelocity flight, where incident molecular energies are much higher than
ordinary thermal energies, and collision times will approximate the natural vibrational
periods of the lattice atoms. Our theoretical model, which assumes an Einstein lattice and
a Lennard-Jones 6-12 potential between lattice atom and gas particle, is set up with this

specific situation in mind.
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= unit vector, ¥

unit vector, z

= spring force constant

mass of a particle or atom

number of lattice atoms in volume d3

response parameter characterizing energy exchange with
lattice

constant used in calculation of forces

position vector of point in lattice cell (Appendix)

= distance between incident particle and a particular

lattice atom

= position vector

relative position vector R — r

= period of vibration or collision

time

velocity

width of lattice block

coordinate along surface

coordinate along surface

coordinate normal to surface

bonding-energy parameter in Lennard-Jones 6-12 poten-
tial

coordinate in lattice (parallel to z axis)

[l

[

SO NS I R
It i i I}

I

fre s gET RO
I

oy
Il



OCTOBER 1964

coordinate in lattice (parallel to y axis)

angle of incidence (measured from normal)

coordinate in lattice (parallel to z axis)

range parameter in Lennard-Jones 6-12 potential; also,
momentum accommodation coefficient

radius of the point of minimum potential for the Lennard-
Jones curve

azimuth angle (measured from x axis)

potential of forces between gas particle and lattice atom
(Lennard-Jones 6-12)

frequency, rad/sec

lattice frequency parameter = (ki/m)V3(d/V;)
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Subscripts

amplitude

zero-force point on force vs time curve (Fig. 4)

collision

zero-force point on force vs time curve (Fig. 4)

final state after interaction

gas

initial state

pertaining to or measured from jth lattice cell

lattice (or solid)

lateral, i.e., along lattice surface but normal to incident
trajectory

natural frequency of lattice

normal to surface

tangential, i.e., along lattice surface in plane of incident
trajectory

aiming point coordinate on surface
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Superscripts

+ upper half of cell containing a lattice atom
— lower half of cell containing a lattice atom
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Introduction

RIGOROUS formulation of the boundary conditions

for a rarefied gas flow requires a knowledge of many
complicated phenomena occurring at the interface between
gas and solid. This formulation is beyond present capabili-
ties. One would like to predict statistical distributions of
reflected or re-emitted molecules§ resulting from a given arbi-
trary incident state. From these predictions one could
easily calculate any desired properties of the distribution of
gas particles leaving the surface. In the absence of such
knowledge, workers in the field have adopted a group of
average accommodation coefficients relating mean properties
of the re-emitted flow to mean properties of the incident flow.
These are traditionally referred to as «, the thermal energy ac-
commodation coefficient; o, the tangential momentum
accommodation coefficient; and ¢', the normal momentum ac-
commodation coefficient. These coeflicients describe the
degree to which the incident flow moves toward equilibrium
with the surface during the interaction. A great deal of
theoretical and experimental research has been directed
toward the determination of these coeflicients, but a com-
bination of severe experimental difficulties, a very large
number of important variables, and an inadequate state of
knowledge in surface physics has conspired to restrict the
present information to a very limited and somewhat idealistic
set of conditions. References 1-3 give excellent surveys of
the current situation in this respect.

In this paper, we describe a theoretical model of the inter-
action process. We feel this model has been formulated to
include most of the important physical phenomena in a ra-
tional, though approximate, fashion. The conditions of pri-
mary interest are those relating to hypervelocity flight in a
rarefied atmosphere (e.g., energy of 0.1-15 ev), and our as-
sumptions have been chosen with this range in mind. The
model has considerable room for improvement and extension.
Some of the effects neglected include sputtering, adsorbed

§ The terms “molecule’” and/or “‘gas particle” are meant to
include any species-of atom or molecule present in the gas.
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surface contaminants, surface roughness, propagation of
energy in the lattice, and thermal motion in the lattice before:
interaction.

We hope that experimental data will support the trends
predicted by the theoretical work described in this paper,
although it is probably too much to expect that the present
method will predict accurate values of the interaction param-
eters for actual applications. The main value of this work
should be to enable us to quantize and analyze in detail the
various physical proeesses controlling the interaction.

Theoretical Model

A classical model, employing the Lennard-Jones (I.-J) 6-12
potential,* has been chosen to represent the molecule-surface
interaction. In order to account for energy accommodation
with the lattice, a first-order approximation to the dynamies
of the lattice atoms is applied. This collision of an incident
atom with a crystalline solid is then formulated in a manner
such that its solution is amenable to high-speed computer
techniques. The analysis is applicable for incident-particle
energies large compared to the thermal energies in the atoms
of the solid, and for cases where accommodation of internal
degrees of freedom in the gas particle play a small part in the
interaction. '

Background

Previous theoretical approaches to the problem have been
based either on a quantum or classical formulation of the
interaction. The early work of Jackson® which culminated
with the treatment of Devonshire® is representative of the
former approach. Because of the associated mathematical
complexity of this calculation, many simplifying physical
assumptions were made, i.e., one-dimensional, single-phonon-
type of interaction. In contradistinction, the classical
treatment allows somewhat more versatility in the computa-
tion and more physical insight into the results. This type
of caleulation is typified by the work of Zwanzig” and Good-
man.$®

Aside from the extreme difficulty of a complete quantum-
mechanical computation, we feel that our use of a fairly de-
tailed classical model is justified. The de Broglie wave-
length A(= h/p) is given by 0.287 (mE)~Vz A, where m is
the mass of the gas particle in atomic mass units and E is
its energy in electron volts. This wavelength will be much
smaller than a lattice spacing (which is a few angstroms) for
the range of energies considered in this report. We are also
dealing with energies much larger than the minimum lattice
phonon energies iw. (=~ kf#p = 0.036 ev when 85, the Debye
temperature, is 400°K). We have avoided consideration of
the quantum mechanies of electronic interactions by assum-
ing an interaction potential and ignoring free electrons in the
lattice.

Interparticle Forces

We use a Lennard-Jones 6-12 potential (see Fig. 1) for
characterizing the forces between the incident particle and
each individual lattice atom. 'The net force on the incident
particle is found by summing the forces acting on it from
each individual lattice atom. The calculation procedure
employs a block of lattice atoms surrounding the aiming
point on the crystal surface (see Fig. 2). Since the practical
limit of the size of this block is a few hundred atoms, we
found it necessary to include an approximation to the long-
range forces from the rest of the crystal. The details of the
associated matcehing procedure are presented in the Appendix.

Lattice Model

We have limited ourselves to the (100) face of a cubic lat-
tice. Each lattice atom is considered as a three-dimensional
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Fig.1 Lennard-Jones 6-12 potential.

harmonie oscillator with a linear restoring force proportional
to displacement from its initial position. The natural fre-
quency of the oscillator can be found directly from the Ein-
stein temperature of the solid (cf., Ref. 9).

The use of the Einstein lattice neglects propagation of dis-
turbances in the lattice. It gives a correct picture of the
motion of the gas particle if the collision is of short duration.
An improvement would be to consider lattice-restoring forces
as proportional to relative atomic positions. We have
written a new program that uses a numerical approximation
to this model. This work will be described in a later paper,
but the effects of energy propagation were found to be always
less than 109, of the initial kinetic energy. Momentum
exchange is only slightly affected by the change in model.
The new model greatly increases caleulation time.

Calculation Method

We have employed an IBM 7094 digital computer in carry-
ing out the caleculations of molecular trajectories and the
processing of the results. The following is a brief deseription
of the important features of the computational procedure.
Figure 3 shows a schematic diagram of the computer logic.
All variables are in nondimensional form.

The three-dimensional equations of motion of the incident
particles are numerically integrated using a variable-interval
Runge-Kutta method. The time increment is varied by the
computer program so that the results are uniformly accurate
to a degree specified by the operator. All results were caleu-
lated with error criteria such that tighter restriction did not
produce significant changes in the results.

The lattice is set up by the computer as either face-centered
cubic (FCC), body-centered cubic (BCC), or simple cubie,
with a (100) surface forming the z = 0 plane. There is an

V(XSYDZ)Y

® Atoms Shown For
FCC Structure
W=9,D=2

w-1 °
.
[ °
.

‘ [ L] L] °

'r' o ——
D-1 Block

4 o Imbedded

I - e e e J in Semi- o
i Structure

| Ww-1

Fig. 2 Coordinate system and lattice atom configuration
for trajectory calculations.

ATAA JOURNAL

atom at the origin, and the z and y axes are parallel to the
edges of a unit cube (see Fig. 2). The motions of the indi-
vidual lattice atoms are calculated by evaluating the exact
solution of their motion across each time interval. The
forces on each atom during each time interval are approxi-
mated by linear segments. The time intervals, being con-
trolled by the more difficult job of computing the path of the
incident particle, proved in most cases to be small enough for
this approximation. The Appendix gives the matching pro-
cedure devised for making a smooth transition from long-
range forces from a semi-infinite crystal to the individual-
particle forces in a lattice block of finite size. At each time
step, the program evaluates the three components of forces
between incident particle and each individual lattice atom
and uses these in the integration of the equations of motion
for both incident particle and lattice atoms.

At the end of each trajectory, the energy left in the lattlce
the energy of the gas particle, and the three components of
momentum exchange are calculated. The sum of the energies
left in the particle and lattice should equal the initial energy,
and this balanee provides us with an excellent check on the
aceuracy of our numerical integrations.

In our model, the results are a unique function of the initial
conditions (i.e., there is no thermal motion in the lattice).
The results vary greatly with the aiming point on a unit cell,
50 it is necessary to calculate many individual trajectories to
represent a single incident state. We distribute the aiming
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points uniformly across a repetitive area on the surface and
calculate average interaction parameters. This set of com-
putations results in a distribution of trajectories and repre-
sents a sample of the distribution produced by a collimated
molecular beam with a perfectly uniform velocity distribution.

Similarity Analysis

Although in principle an adequate numerical calculation
procedure would be a complete solution of the molecule-
surface interaction, there are other considerations that lead
us to seek complementary approaches to the problem. Even
a relatively idealized model such as the one we have discussed
previously requires quite large expenditures of time on high-
speed computers in order to produce meaningful results for a
single case. The large number of independent variables of
importance prohibits the application of this approach to all
situations of interest.

We are presently employing two different ways of dealing
with this situation: a statistical design and correlation
technique that selectively samples input conditions and gen-
erates best-fitting prediction curves and a similarity analysis
designed to characterize the functional dependence of the
accommodation coefficient in terms of the input variables.
We describe here the development of a set of dimensionless
parameters which greatly increases our physical interpreta-
tion of the phenomena and reduces the computer runs re-
quired. Results of the statistical technique will be presented
in a later paper.

Timing Parameter

1f we realize that the dynamic response of the lattice to the
driving force from the incident particle can be found from the
linear superposition of the responses of the individual lattice
atoms, then we can look at a single-lattice atom to character-
ize the response of the lattice for different situations. This
ignores some effects of changes in phase relationships and
force distributions with changes in independent variables,
but is useful for examining characteristic behavior. We
will therefore proceed as if one lattice atom dominates the
interaction.

The normal and tangential components of the assumed
interaction forces (from the Lennard-Jones 6-12 potential)
have two characteristic time patterns when viewed from the
standpoint of a single lattice atom as the incident particle
passes near it (see Fig. 4). The times (f3 and {c) at which
the net forces between the particle and atom change from
attractive to repulsive and back can be expressed approxi-
mately in terms of the range of the interaction potential,
the velocity of the incident particle, and the geometry of the
interaction. Note that the tangential component of force
has an effective frequency twice that of the normal force
component.

If we neglect changes in the component of incident-particle
velocity along the surface and recoil of the lattice atom, we
can find the time between zero-force points on the force-
time curves and express this time in terms of a half-period
of the collision frequency w, as follows:

To =tlc—lpg = (Umz - 62)1/2/Vi sinﬁi (1)

w. = (w/2)V; sind;/ (o2 — b2 2

We choose to define this collision frequency in terms of the
oscillations of the vertical components. In these equations,
on is the radius of the point of minimum potential in the

L-J 6-12 curve, and is equal to 2V6¢. The L-J 6-12 potential
function is

® = 4e[(o/n) — (a/r)°] )

The distance AD in Fig. 4a is considered for the present
-purpose to be equal to the distance of closest approach b.
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Fig. 4¢c Idealized tangential force-time curve for lattice
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This is reasonable because the frequency w. will not be
strongly dependent on the distance AD and because the
repulsive potential is very steep so that the particle will
generally not penetrate very deeply into it. We find b by
solving for the radius at which the potential is equal to the
energy necessary to absorb the normal component of momen-
tum. There are many ways this caleulation could be set
up, but we have chosen to consider the repulsive potential
contributions from the impact atom only. This is justified
by our computing results. We do, however, consider the
attractive (van der Waals) potential from the entire semi-
infinite crystal. This procedure yields the most meaningful
results when applied to the response parameter P, which
will be derived shortly. Any consistent potential form
gives nearly the same result for w..

The composite potential{ used for this purpose, when
equated to the kinetic-energy equivalent of the normal mo-
mentum, gives

4e[(a/b)12 — (nw/6)(a/d)*(c/b)?] = ()m,V:? cos?f;

where 7 is the number of atoms in a volume of d3.

9 See Appendix for treatment of continuum attractive poten-
tial.
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Table 1. Mean values of interaetion parameters for typical incident state®

Number of Eyy E, Vory Vs Vis
trajectories E; E; Vr; Vil Vi by, deg
2 0.910 0.077 0.765 0.831 —0.0044 42.5
8 0.860 0.129 0.628 0.776 0.0011 39.1
18 0.864 0.124 0.490 0.820 0.0004 30.6
32 0.866 0.122 0.486 0.894 -—0.0008 30.0
72 0.861 0.127 0.459 0.907 —0.0007 26.9

@ g/d = 1.25, Dy = 0.05, mi/mg = 2, (ki/mi)!/2d/Vi = 10, 6; = 135°, ¢; = 45°,

This relationship leads to a quartic equation in (¢/b)%:
(a/b)1* — (nw/6)(0/d)*(c/b)* — (cos*0:;/4Dw) = 0 (4)

where D, = ¢/(3)m, V%

Equation (4) is solved numerically for the nondimensional
distance of closest approach under any set of input condi-
tions. A simpler expression, valid for the calculation of w.
only, can be found by ignoring the attractive potential of all
atoms except the impact atom. This yields

s 1 (cos?0) \ V2T e
p {él:l + (1 + > ]} (4a)

We are now in a position to formulate the first similarity
parameter, namely, the ratio of the collision frequency to the
natural frequency of the individual lattice atoms. In terms
of our dimensionless formulation of the problem, this becomes
[using Eq. (4a)]:

We T sinf;
o D [(1.1245)2 -
2 1/37|—1/2
(1 T+ (coszao/Dw]W) ] ©
where

Q= (kl/ml)llz(d/vi) = wn(d/vi>

and d is a distance equal to & the side of a unit cell for FCC or
BCC structures, or to a unit cell side for a simple cubic
structure.

The physical importance of this frequency parameter has
to do with the relative amount of time during which the
driving forces and velocities of the lattice atoms are in phase.
A true resonance should not be expected because we are
dealing with the response to a pulse of complicated shape and
not to a steady-state driving force. One would, however,
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Fig.5 Energy exchange dependence on frequency param-
eter with aiming point at origin.

expect that the relative amount of energy exchange should
be quite sensitive to this variable and that a value of unity
would lead to a maximum amount of energy exchange for
vertical oscillations of the lattice atom. The maximum-
energy exchange for tangential (along the trajectory) oscilla-
tions should oecur at w./w, = 3. '

Response Parameter

If we now consider the state of a lattice atom after inter-
action with the incident particle, we find that it is in a steady-
state harmonic vibration at its natural frequency. If the
amplitude of this vibration is x., the stored energy (including
both kinetic and potential energy) is

By = 3k (6)

By analogy with the steady-state response of a linear second-
order system, we can relate the displacement amplitude to a
transmitted force amplitude

Za = Fo/ky )

and this force amplitude can then be approximated from the
parameters of the interaction as follows:

F=-v®
which, for a dominant repulsive potential, becomes
F « (¢/a)(a/r)'s

The point of maximum force can be used to characterize
an effective driving-force amplitude. This occurs at r = b,
and so we find, in terms of our dimensionless parameters,

F.d D.(c/b)13
o«
3m, V2 (o/d)

®

In a steady-state situation, we would find that the trans-
mitted-to-incident force amplitude ratio F,/F.; would be a
predictable function of the timing parameter w./w,. For
the pulsed loading under consideration, however, we have
two additional points to consider. First, the shape and finite
extent of the pulse should cause significant departures from
the well-known steady-state harmonic case. Second, the
finite energy content of the incident particle results in a
greatly increased error in the preceding approximations when
the energy transfer to the lattice becomes large with respect
to the incident-particle energy.

In spite of these difficulties, we can write the energy ex-
change ratio in a parametric form which greatly aids inter-
pretation of the functional behavior of the interaction. For
the mth lattice atom,

EI _ %klxamz _ Fam2
E)m im,V2  km, Vi

which, when evaluated with Eq. (8), becomes, at least for
the impact atom,

(E) o Fo/Fu) Do /)™
Ei)n 4Q%(o/d)2(m./m,)

)



OCTOBER 1964 INTERACTIONS OF GAS MOLECULES WITH CRYSTAL SURFACE 1727
Table 2 Comparison of mean values of interaction parameters for different lattic frequency parameterse
k_l>1/2§ By bof Vors Vs Vi b5, Number
mi) Vi E; E; Vs [Vl vV, deg trapped

10 0.864 0.124 0.490 0.820 0.0004 30.6 0
1 0.119 0.881 0.216 0.360 —0.0028 30.3 8
0.3 0.150 0.848 0.229 0.172 —0.0002 53.0 7

¢ ¢/d = 1.25, Dy = 0.05, my/mg = 2, 6; = 135°, ¢x = 45°.

Now, realizing that F./F.; is an unknown function of
w./w, and the shape of the force-time curve, and that Eq.
(9) represents the energy exchange with a blnﬂle atom, we
can define a response parameter that should qudhta’mvely
describe the interaction, namely,

@ (m/my) (a/d)*
D2 (a/b)®

The sensitivity of the response parameter P to the distance
of closest approach b is easily seen from Eq. (9). It is,
therefore, advisable to apply the (hopefully) less approximate
equation (4) in place of the closed-form expression [Eq. (4a)]
for (a/b). The indicated dependence on D, in Eq. (9) is
actually reversed in many of the cases computed bacause of the
dependence of (¢/b) on D,. We would expect that £./E;
would be inversely proportional to P, at least for F/f; << 1.
We can thereby describe qualitatively the expected effects
on the energy exchange of mass ratio, Debye temperature
of the lattice, the bonding energy and interaction range of
the particles, the lattice spacing, and the energy of the inci-
dent particle. Figures 5 and 6 show actual numerical results
computed for several variations of the input variables with
a fixed aiming point and fixed incident angles. Most of the
expected trends are shown, but the correlation is not yet
good- enough for deter rmnamon of numencal values of E,/E;
for new situations,

There:is some evidence to expect that further develop-
ments along the lines deseribed previously may describe the
effects of similar variables .on_the "accommodation of the
various components of momentum. The strongest indica~
tion of this is the relatively strong correlation between energy
accommodation and deflection from the specular direction.
Such correlations are observed in our caleulations as well
as In various experiments (cf., Ref. 10).

P = (10)

Results

The results that have been obtained thus far have been
restricted to a few representative cases. We have been
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Fig. 6 Correlation of energy transfer using similarity
parameters.

concerned primarily with the development of the theoretical
model and numerical procedure, and only limited trials with
systematic variations in input variables have been made.
Runs of two types have been performed: single molecules
aimed at a specific point on the lattice surface and complete
sets of molecules having identical input parameters with
alming points uniformly dlstrlbuted over the surface of the
central unit cell. The former type gives an economical indi-
cation of the qualitative effects of changes in input param-
eters, but a large number of parallel trajectories is necessary
to produce a meaningful determination of the distribution of
output states and reliable average accommodation coefficients
for a given input condition. We find the “‘single-shot’” data
very useful in verifying the results of the similarity analysis
(see Figs. 5 and 6), which was developed to predict trends in
the thermal accommodation coefficient. The average inter-:
action parameters computed for typical input conditions are
presented in Tables I and 2. Table 1 shows the effect of
varying the number of trajectories used in the computation.

We have chosen to define §, in the tables as the value of
6 which gives the same ratio of average tangential to average
normal exit momentum as that displayed by the actual dis-
tribution of trajectories. This is the 6 that best deseribes
the point of maximum flux that would be measured in an
experiment involving a uniform molecular beam.

Examining for a moment the characteristics of a typical
single trajectory, we find the expected shape resulting from
the superposed attractive and repulsive potentials. One
such trajectory is shown in Fig. 7. Although there are some
exceptional situations, most of the time the following general-
izations are correct for the cases within our experience:

1) Most of the energy left in the lattice is initially ab-
sorbed by one or two surface atoms, that we have called
the impact atoms. These are the atoms that are first con-
tacted by a circle of radius o on the extension of the initial
path of the incident molecule. The momentum exchanges,
on the other hand, are affected by a much larger number-of
lattice atoms. Changes in momentum can be related to the
magnitude of the interaction force, whereas energy. exchanges
are related to the square of this magnitude, These argu-

Each cross mark represents a unit time (d/Vi)

.. Each dot represents 4 calculation points.

Fig. 7 Typical trajectory as seen in a plane along the
diagonal of a FCC crystal surface.
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ments qualitatively explain the changes we find in a given
trajectory when we vary the size of the lattice block.

2) Increased depth of the lattice block has no important
effect. Most of the interaction takes place with atoms in
the surface layer. This does not mean that forces from the
rest of the crystal are negligible, only that they can be ac-
counted for by far-field continuum approximation.

3) The surface area of the lattice block has proved to be
important, especially at grazing incident angles. This is
due to the increased number of lattice atoms that play a
major role in the momentum interaction when 6; is near 90°.
We have found W = 9 (Fig. 2) to be sufficient thus far.

4) The matching procedure and the error control param-
eters used in the numerical computations give sufficient
accuracy, so that relatively large changes in the starting
point for the caleculation (10 < z:/d < 15) produce changes
of less than 19 in the results, Also, we find the energy lost
by the incident particle equals the energy gained by the
lattice to within less than 29, (and usually within less than
1%) of the initial energy.

Similarity Results

Figure 5 shows the energy exchange ratio £;/E; for a large
number of single trajectory calculations presented in terms
of the frequency parameter w./w,, calculated from Eq. (4).
The ratio H;/E; is equivalent to the usual accommodation
coefficient for the limiting case of the lattice temperature
approaching absolute zero. The shape of the curves for a
constant energy parameter (D, = ¢/3m, V.?) indicate to us
that the crude ideas represented in the derivation of Eq.
(4) are meaningful, at least to the extent that the numerical
computations represent real physical phenomena. First,
the energy exchange tends to fall off as the collision frequency
becomes small relative to the crystal natural frequency.
Physically, one can visualize this as a reduction of recoil due
to stiff springs. Second, E;/E; approaches a relatively large
constant value as w./w, becomes large. This can be ex-
plained in terms of the finite energy transmission that would
occur if the lattice atoms were completely unrestrained, as
in gas collisions. Third, the curves all break sharply near
w./wn = %, which is the point at which the natural frequency
of the lattice is equal to the effective driving frequency for the

e INCIDENT RAY | &

Fig. 8 Model of distribution of seattered molecules.
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component of the interaction force along the trajectory (Fig.
4c¢). This apparent resonance phenomenon must be inter-
preted in the light of the fact that our present lattice model
does not account for the coupling between lattice atoms which
exists in a real crystal. This should not be a problem at high
values of w./w,, but for values approaching unity, the effects
of lattice waves cannot be ruled out. Our preliminary re-
sults with a coupled-oscillator model indicate that the gas
particle is relatively unaffected by these lattice waves. The
resonance that we would expect from the normal force com-
ponent is not noticeable in the results, but this could be be-
cause it is superimposed on the lower resonance, or it could
be a special characteristic of the cases we have examined.

Figure 6 shows that the degree to which the expression
E/E; = (1/P)f(w./w.) is fulfilled by our results to date.
The response parameter P, derived in the preceding section
by analogy to a steady-state vibrational system, appears
to deseribe rather well the way in which E;/E; depends on
the input variables. Most of the scatter can be blamed on
the extreme sensitivity of P to the distance of closest approach
P ~ (b/0)% and the resulting inability of our simple method
to give a sufficiently well-behaved approximation over a
wide range of variables, even though b/¢ is always near
unity.

Distributions of Trajectories

When a large set of trajectories is computed for identical
incident conditions, we find distributions like those shown in
Fig. 8. For this picture, we constructed a crude hemispheri-
cal coordinate system and placed toothpicks to represent the
individual trajectories after interaction at the eenter of the
hemisphere. Figure 8 does not give too good an impression
of the shape of the distribution, but it does show that it is
quite broadly scattered. The lengths of the toothpicks
are proportional to the kinetic energy of the departing gas
particle. There is a rough correspondence between the
degree of energy transferred to the lattice and the angle of
scattering away from the specular direction. Those particles
farthest from the specular tend to have the largest energy
accommodation.

Except for the frequency parameter, the specific values of
the input parameters used for the determination of the data
for Fig. 8 (which is also shown in Table 1) represent reason-
able estimates for a typical interaction of interest, namely,
N. on Ni at 0.5 ev. The corresponding input values to
this physical situation could well be in error by 100%
because of ignorance of the parameters in the L-J interaction
potential. The frequency parameter is lower than would be
expected for this case, corresponding to very stiff lattice
springs (high Einstein temperature).

In cases involving a higher w./w., we occasionally find that
the automatic error control in the numerical integration pro-
cedure imposes a much smaller time interval for uniform
accuracy in the integrated trajectory. We have investi-
gated the trajectories that are most sensitive in this respect
and have found that they lose a very large fraction of their
energy early in the interaction. This is not surprising be-
cause a smaller time interval implies that large repulsive
forces have built up quickly, and E,/E: depends on the
square of the magnitude of these forces. In these cases,
the calculation requires an excessive number of cycles to
complete a trajectory. By experience we have found that
1000 cycles is about the largest number that results in a
meaningful trajectory; carrying the calculation beyond this
point seldom leads to a final state that shows energy con-
servation because truncation and round-off errors begin to
dominate. We have imposed an arbitrary limit of 900
Runge-Kutta cycles in our calculations and an additional re-
quirement that energy be conserved within 10%. If either
of these criteria is violated, we assume for the purpose of
calculating averages that the gas particle is completely ac-
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commodated to the lattice state (i.e., no exit momentum
or energy). Strictly speaking, the calculation can tell us
nothing about the final states of these trajectories, but we
know that they represent the strongest of the interactions we
observe. Of the calculations presented in this paper, the only
ones that fall in this category are those indicated in Table
2 as “trapped.”’

Conclusions

The results that we have obtained have indicated that full-
scale numerical computations of gas-surface interactions are
both practical and informative. These first computations
have shown the way toward a means of investigating, in a
systematic fashion, the relative importance of the various
phenomena, that control these interactions. For example, we
now hope to incorporate an improved model of the lattice
dynamies and to study simulated preadsorption and surface
roughness effects. By this approach, coupled with extensive
experimental data, we hope to arrive eventually at a sufficient
understanding of gas-surface interaction to be able to predict
momentum and energy accommodations for hypervelocity
flight conditions.

At this stage in our work, we can state that the similarity
parameters derived in this paper should play an important
role in an actual interaction. The demonstration of the
nature of the flux and energy distributions after interaction
achieved with our model indicates the need for better formu-
lations of the interaction process than simple linear combina-
tions of specular and diffuse distributions. Finally, the
large changes in energy accommodation which often appear
when we change the input parameters in our computations
confirm that careful assessment of the experimental conditions
is necessary in the comparison of various determinations of
surface interaction parameters. Because of this, one should
certainly not expect an average accommodation coefficient
measured at ordinary thermal energies to agree with one
existing on the surface of a satellite.

Appendix: Procedure for Matching Long-
and Short-Range Forces

As a gas particle approaches the surface, its motion is
affected by the successive dominance of the long-range forces
from the entire solid, the long-range forces of the nearer
lattice atoms, and finally the short-range repulsive forces of
the impact atom or atoms. In order to achieve sufficient
aceuracy in our trajectory computations, we found it neces-
sary to employ three different forms of the interaction forces.

We divide the space above the surface into three regions;
region I, from z = « to the starting point of the trajectory
ealeulation; region II, from the starting point to a position
where the fine structure of the lattice atoms dominates the
interaction; and region III, from this point to the surface
of the lattice block shown in Fig. 2. In region I, the discrete
lattice atom distribution is approximated by a continuous
mass distribution. The total interaction force is obtained
by integrating the force per unit volume over the semi-
infinite lattice (z < 0). The forces in the z and y directions
are 0, and the force in the z direction is

x © 27 R aq)
F, = nfw/z N R [r?smo<_ &)] -
T © 27 1/0\*
2 of | — —_
n f 2 dé _Z/cosadr fo do [r sm0(24e cosﬂ{r(r)
2 o 12
)]

so that the normalized total interaction force is
_ a\¢§ (c/d)® 1
mpv = ZrDen (d) {5(z/d)1° 2(z/d)4}k

/() = k 2
(A1)
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The repulsive potential has been included in Eq. (A1)
along with the attractive term. This proved helpful in pre-
venting unrealistic behavior for grazing output trajectories,
although for most purposes the repulsive potential is negli-
gible. In this region the only nonvanishing component is
that normal to the surface.

In region III, the semi-infinite lattice is replaced by a finite
block of atoms, and the total force is obtained by explicit
summation of the force exerted by each lattice atom of the
block on the incident particle. This region consists of a rec-
tangularly shaped volume, 5d in height, and with sides
smaller than the sides of the finite block of atoms. The
size of region II1 was determined by trial to be the best for
the present cases, but might vary with the input conditions.

Region IT contains the remainder of the semi-infinite space
above the lattice not included within region I or III. Within
this transition region, we write the normalized total force
F(R) on an incoming particle by adding the continuum con-
tribution to the forces from the individual atoms and then
subtracting out the continuum from that portion of the
lattice that is occupied by the finite lattice block as follows:

IR) = 3'R) — é | [,,5:a7] +]§0 R (A2)

The first term on the right-hand side of Eq. (A2) is given
by Eq. (A1), and the third term is the forece from each atom
summed over all of the atoms of the finite lattice block. The
second term is computed by dividing the lattice block into
cells (each of which contains a lattice atom) and computing
the attractive force from each cell at Rz, y, 2) by assuming
a continuous mass distribution within it.

This rather complicated procedure is necessitated by the
lack of a closed-form expression for the continuum van der
Waal’s force from a rectangular solid. We have found an
expansion that is valid for distances large compared to the
size of the solid and have made it work in our problem by
dividing the lattice block into many cells and adding the
contribution from each. A description of this procedure fol-
lows.

The differential # component of the normalized attractive
force exerted by the jth cell on the incident particle may be
written for the L-J 6-12 case as

6nQ (z; — &)

2 - — L
L

d¢ dy d¢

where
Q = (12¢/4m, V) (o/d)f

i=zi + y;j + 2k (position of gas particle)
r = {i + nj + ¢k (position in lattice cell)

S =R — r (position of particle relative to position in lattice
cell)

The subseript 7 will be understood for the coordinates in the
derivation that follows.

Integrating over a cell thatis one unit wide but one-half unit
deep, and expressing everything in nondimensional terms,
we get

gz]»z'“ =
fo fl/z /2 6nQ(x — £)dEdy dt
T Jendied @ -2+ -+ @ - O
(A3a)

Equation (A3a) (and its equivalent for the y and z com-
ponents) gives the basic expression for the force from a con-
tinuum % cell at any position. The negative superseript
denotes the lower half-cell. If the cell is in the surface, this
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is the proper force expression, but for subsurface cells, the
mirror-image 3 cell should be added by appropriate substi-
tution. This is performed according to the following rules:

g—“(x} Y, 2) = “Tf+(x7 Y, 2) + EFIF—(:E; Y, 2) =
F,7(x, y, —2) + Fo"(2, y,2) (Ada)
T2,y 2) = F, (2, y, —2) + F (@, y,2)  (Adb)

Fx,y,2) = —F(z,y, —2) + F.7(2,y,2 (Ado)

The other components of the pseudocontinuum force from
the lattice cells are

S:liy_ =
2 12 6nQ(y — m)dé dy df
N f 1/9.[ wf velle — 82+ 2+ & — O
(A3b)
152~
/2 1/2 6nQ(z — O)dE dn df
B f 1/2f 1/°f w2 @ — 82+ y — 2+ (2 — 02
(A3c)

We could only evaluate the integrals in Egs. (A3) by an
approximation technique. By use of the binomial expan-
sion, the denominator of the integrand may be written as

[R? 4+ 72 — 2(zE + ym + 20)]7* =
/{1 — (4/RH[r? + 2(x + yn + 20)] +
(10/R)[r* — 2(z& + yn + 20)]* —
20/RO)[r? — 2@t +yn + 2P + ...} (AD)
The series in Eq. (A5) converges only if £ >> r, i.e., if the
lattice cell is small relative to the distance to the gas particle.
We have employed the first three terms in Eq. (A5). We
found by numerical comparison that these terms give suffi-

cient accuracy to within about three lattice spacings from the
origin.
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When the first three terms in Eq. (A5) are substituted
into Eqs. (A3), we get

51 = 3Qz;  24Qu; { n p}]( n 60Qz; f 22

- RS - R R“’) 6
0.229z, + f-igi 4 0.159} (A6a)
Sy~ = S (B, iy 25) (A6b)
30 1 24Qz; 50 7Q
glia = 7‘? {zi + 4} - ij]{ 2z + 6; 87"10 +
60Q yz* . 5 , [@i%_) } _
r,u{ﬁ +op et o 00924 o+

b ; y.* +00127} (A6c)

Note that subscripts j now denote measurement relative to /
origin of the cell. Substitution of Eqs. (A6) into Eq. (A2)
gives the forces on the gas particle while it is in region II.
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